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ABSTRACT 
Periodic  s o l u t i o n s  of t h e  e q u a t i o n  
... 
Z + i' + ( T  - R + R z 2 ) k  + TZ = 0 
a r e  s t u d i e d  n u m e r i c a l l y  and,  for  l a r g e  R and T , a n a l y t i -  
c a l l y .  The p e r i o d i c  s o l u t i o n s  a r e  u n s t a b l e  i n  a s m a l l  s t r i p  
of t h e  ( R , T )  p l a n e  whose boundar i e s  a r e  de te rmined .  
5 1. I n t r o d u c t i o n  
I n  a r e c e n t  paper  ( M O O R E  and SPIEGEL, 1966, h e n c e f o r t h  
referred t o  a s  M S )  a thermo-mechanical o s c i l l a t o r  was con- 
s t r u c t e d  w i t h  t h e  i d e a  of s tudy ing ,  i n  a s i m p l i f i e d  system, 
t he  p r o p e r t i e s  of non- l inea r  o v e r s t a b i l i t y .  A s m a l l  buoyant  
e lement  was al lowed t o  move i n  a t e m p e r a t u r e - s t r a t i f i e d  f l u i d  
under the  a c t i o n  of a l i n e a r  r e s t o r i n g  force. The buoyancy 
of t h e  e lement  was made t o  depend i n  a l i n e a r  way on i t s  
t empera tu re  which i n  t u r n  depended on t h e  tempera ture  of the 
su r round ing  f l u i d  through Newton's law of coo l ing .  The f a c t  
t h a t  a f i n i t e  t i m e  i s  needed f o r  t empera tu re  ad jus tment  i s  
e s s e n t i a l  t o  t h e  f u n c t i o n i n g  of t h e  model. 
T h i s  c o o l i n g  t i m e  p rov ides  a s u i t a b l e  t i m e  s c a l e  and 
i f  t i m e  i s  measured i n  these u n i t s  and i f  a tempera ture  
s t r a t i f i c a t i o n  i s  chosen so t h a t  t h e  sur rounding  f l u i d  i s  
u n s t a b l e  for  lzl < 1 and s t a b l e  for  I z I  > 1 ( a  c u b i c  
law is  the  s i m p l e s t  a n a l y t i c  func t ion  s a t i s f y i n g  these re- 
qu i r emen t s  and t h i s  was used)  t h e  e q u a t i o n  s a t i s f i e d  by  t h e  
p o s i t i o n  z ( t )  of the s m a l l  e lement  i s  
- d3 z + - d2z  + ( T - R + R z 2 )  - dz + TZ = 0. (1.1) 
dt3  d t 2  d t  
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R and T a r e  l a r g e  when t h e  the rma l  d i s s i p a t i o n  involved  
i n  t h e  coo l ing  law is  smal l .  They can  be though t  o f  a s  t h e  
squa re  of t h e  r a t i o  of t h e  c o o l i n g  t i m e  t o  t h e  c h a r a c t e r i s t i c  
convec t ive  t i m e  i n  t h e  absence of t h e  s p r i n g  and t h e  squa re  
o f  t h e  r a t i o  of t h e  c o o l i n g  t i m e  t o  t h e  pe r iod  of free osci l -  
l a t i o n s  under t h e  a c t i o n  of t h e  s p r i n g  a lone .  
S i n c e  energy  i s  a v a i l a b l e  t o  t h e  s m a l l  element o n l y  for  
1.1 < 1 w e  would e x p e c t  t h e  motions t o  be bounded, whatever  
t h e  i n i t i a l  c o n d i t i o n s .  Moreover, s i n c e  t h e  system i s  d i s -  
s i p a t i v e  we would e x p e c t  t h e  system t o  e n t e r  a l i m i t  c y c l e  
f o r  l a r g e  v a l u e s  of  t . I n  MS e q u a t i o n  (1.1) was s t u d i e d  
by  t i m e  i n t e g r a t i o n  and it was found t h a t ,  w h i l e  a l i m i t  
c y c l e  w a s  u s u a l l y  e n t e r e d ,  t h e r e  was a narrow s t r i p  of t h e  
(R,T) p lane  i n  which s o l u t i o n s  w e r e  n o t  a s y m p t o t i c a l l y  
p e r i o d i c .  T h i s  s t r i p  i s  shown i n  F i g u r e  1. The purpose 
o f  t h e  p r e s e n t  paper  i s  t o  e x p l a i n  t h e  e x i s t e n c e  of t h i s  
s t r i p .  
I n  M S  it was sugges ted  t h a t  t h e  a p e r i o d i c i t y  was due 
t o  t h e  f a c t  t h a t  when R and T l a y  i n  t h e  a p e r i o d i c i t y  
s t r i p  the cor responding  p e r i o d i c  s o l u t i o n s  of (1.1) passed 
c l o s e  t o  t h e  s i n g u l a r  p o i n t  of (1.1) i n  i t s  phase 
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d 2 z  -) space ,  enab l ing  s m a l l  numer ica l  errors t o  
d t  d t 2  
(2, - dz 
push the phase p o i n t  from one periodic s o l u t i o n  t o  a n o t h e r .  
(Though t h e  v a c i l l a t i o n  i s  induced by numer i ca l  errors,  t he  
same effect  i s  produced on the a c t u a l  p h y s i c a l  system by 
s m a l l  random d i s t u r b a n c e s .  Thus the v a c i l l a t i o n  i s  a r e a l  
p h y s i c a l  effect .  A r i g i d  s imple pendulum w i t h  j u s t  enough 
ene rgy  t o  make complete  r e v o l u t i o n s  and s u b j e c t  t o  s m a l l  
random forces would d i s p l a y  a s i m i l a r  v a c i l l a t i o n . )  Evidence 
was p r e s e n t e d  t o  s u p p o r t  t h i s  theory of t h e  o r i g i n  of t h e  
v a c i l l a t i o n  and i n  p a r t i c u l a r  a f e w  p e r i o d i c  s o l u t i o n s  of 
t h e  r e q u i r e d  t y p e  w e r e  d i scovered  u s i n g  a r e l a x a t i o n  proce- 
d u r e  . 
I n  t h i s  pape r  a sys temat ic  s e a r c h  f o r  the p e r i o d i c  so- 
l u t i o n s  i s  made. I n  § 2. an  a n a l y t i c  approximat ion  t o  t h e  
p e r i o d i c  s o l u t i o n s  of (1.1) i s  developed which i s  v a l i d  when 
R and T a r e  v e r y  l a r g e .  I n  t h i s  c a s e  t h e  motion i s  ap- 
p rox ima te ly  a d i a b a t i c  and s a t i s f i e s  the  ene rgy  e q u a t i o n  
where 
6 = 1 - T/R 
and where E i s  t h e  ene rgy  and B t h e  buoyancy of t h e  
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e l e m e n t  r e l a t i v e  t o  the f l u i d  a t  z = 0 -- b o t h  a r e  con- 
served  i n  t h e  absence  of d i s s i p a t i o n .  TO e a c h  E and €3 
t h e r e  co r re sponds  a unique  ene rgy  cu rve  and t o  e a c h  such  
energy c u r v e  ( a p a r t  from a s i n g l e  c r i t i c a l  c u r v e )  corre- 
sponds a p e r i o d i c  s o l u t i o n .  T h i s  degeneracy  i n  t h e  a d i a -  
b a t i c  t h e o r y  c a n  be removed i n  a f a m i l i a r  manner by con- 
s i d e r i n g  t h e  ave raqe  e f fec t  of the d i s s i p a t i o n  o v e r  t h e  
p e r i o d i c  s o l u t i o n s  s u p p l i e d  by (1.2) . T h i s  i s  v a l i d  s i n c e  
t h e r e  a r e  many o s c i l l a t i o n s  per c o o l i n g  t i m e  i f  R >> 1. 
If w e  do t h i s  w e  f i n d  ( 9  2a.) t h a t  
- dE = F(E ,B ,b )  
d t  
- dB = G ( E , B , B )  
d t  
where F and G a r e  a v e r a g e s  of t h e  d i s s i p a t i v e  forces 
over  the cnc rgy  c u r v e s  d e f i n e d  b y  (1 .2 ) .  I f  F and G 
b o t h  v a n i s h  f o r  p a r t i c u l a r  v a l u e s  E, and B, t h e n  i n t e g r a -  
t i o n  of (1 .2 )  w i t h  E, and Bo i n s e r t e d  w i l l  y i e l d  an ap- 
proximation t o  t h e  p e r i o d i c  s o l u t i o n  of (1.1). T h i s  approx i -  
mate t h e o r y  shows t h a t  a p a i r  of  d i s t i n c t  p e r i o d i c  s o l u t i o n s  
exis ts  which p a s s  v a n i s h i n g l y  close t o  t h e  o r i g i n  i n  t h e  
phase space  o f  (1.1) a s  6 + 4 f r o m  below. These s o l u t i o n s  3 
have a c h a r a c t e r i s t i c  ' s p i k y '  appearance  w i t h  long  f l a t  
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b 
p r f - i ~ ~ s  ~f small slope 5 e t - i ~ ~ ~  tE-le Spikes.  For  j \ Q  2 
t h e y  d i s a p p e a r .  T h i s  i s  i n  good agreement w i t h  t h e  t i m e  
i n t e g r a t i o n s  which showed t h a t ,  t o  v e r y  good approximation,  
t h e  s o l u t i o n s  w e r e  a s y m p t o t i c a l l y  p e r i o d i c  t o  t h e  l e f t  of t h e  
l i n e  I, - 9 i n  t h e  ( R , T )  plane and had a p e r i o d i c i t y  of 
t h e  "jumping" t y p e  j u s t  t o  the r i g h t .  
Numerical s o l u t i o n s  of (1.1) a t  v e r y  l a r g e  v a l u e s  of 
R and T , such  t h a t  ( R , T )  is i n  t h e  a p e r i o d i c i t y  s t r i p  
have r e v e a l e d  t h a t  n e a r  t h e  r i g h t  hand boundary t h e  a p e r i -  
odici ty  t a k e s  on a r a t h e r  d i f f e r e n t  form. Rather  t h a n  a 
jumping between p e r i o d i c  s o l u t i o n s  w i t h  d i f f e r e n t  shapes  
and p e r i o d s  one h a s  a cont inuous b u t  a p e r i o d i c  modulat ion of 
a s i n g l e  o s c i l l a t i o n  (see F igures  2 and 3 ) .  C h a r a c t e r i s t i c  
of the modulat ion is  a g r a d u a l  d e c r e a s e  i n  the ampl i tude  of 
e x c u r s i o n s  on one side of z = 0 followed by a sudden jump 
t o  a n e a r l y  symmetric motion.  T h e  t i m e  between t h e  sudden 
jumps i s  a p p a r e n t l y  random ( a t  l e a s t  w e  can  de termine  no 
r u l e s  f r o m  i n s p e c t i o n  of abou t  twenty t i m e  i n t e g r a t i o n s  i n  
t h i s  r e g i o n  of t h e  (R,T) plane)  and i t  had no s y s t e m a t i c  
dependence on R . 
An e x p l a n a t i o n  of t h i s  e f f e c t  i n  t e r m s  of t h e  (E,B) 
p lane  is proposed i n  5 2d. The s i n g u l a r  p o i n t s  of (1.4) 
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1 
t u r n  o u t  t o  be a l l  u n s t a b l e  i f  -75  > 6 .62 and the 
p o i n t  ( E , B )  t r a v e r s e s  a l i m i t  cycle i n  the ( E , B )  p l ane .  
Thus i n s t e a d  of an o s c i l l a t i o n  o f  c o n s t a n t  ampl i tude  one 
g e t s  a modula t ion  of t h e  ampl i tude  (and shape)  of the osc i l -  
l a t i o n  a s  ( E , B )  goes round i t s  l i m i t  c y c l e ,  which i s  t r a -  
ve r sed  i n  O ( 1 )  c o o l i n g  t i m e s .  The sudden jump is  a s s o c i -  
a t e d  w i t h  t h e  s i n g u l a r  energy  c u r v e  of t h e  f a m i l y  (1 .2)  
which s e p a r a t e s  ene rgy  c u r v e s  of t w o  t y p e s .  I t  i s  con jec -  
t u r e d  t h a t  the a p e r i o d i c i t y  of t h e  modula t ion  i s  a l s o  a s -  
sociated w i t h  t h e  s i n g u l a r  cu rve .  
A t  f i n i t e  R and T w e  can  o n l y  hope t o  f i n d  t h e  
p e r i o d i c  s o l u t i o n s  o f  (1.1) numer ica l ly .  However, i f  R 
and T l i e  i n  t h e  a p e r i o d i c i t y  s t r i p  t h e s e  p e r i o d i c  s o l u -  
t i o n s  a r e  u n s t a b l e  and w i l l  n o t  emerge f r o m  a t i m e  i n t e g r a t i o n .  
I n  9 3a. w e  describe a r e l a x a t i o n  method of f i n d i n g  t h e  
p e r i o d i c  s o l u t i o n s  which works even when t h e  s o l u t i o n  b e i n g  
sought  i s  u n s t a b l e .  W e  g u e s s  t h e  shape  of the s o l u t i o n  
and i ts  p e r i o d  and improve t h e  g u e s s e s  by  s u b s t i t u t i n g  them 
i n  the  e q u a t i o n  and c a l c u l a t i n g  c o r r e c t i o n s .  I f  w e  w e r e  p re -  
pared  t o  solve non- l inea r  a l g e b r a i c  e q u a t i o n s  f o r  t h e  v a l u e s  
of t h e  c o r r e c t i o n s  a t  t h e  g r i d  p o i n t s  i n t o  which w e  d i v i d e  
t h e  pe r iod  (normal ized  t o  u n i t y ,  so  t h a t  t h e  p h y s i c a l  p e r i o d  
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1, 
f i n d  A.l--  e n t e r s  t h e  equatinr? 2 s  s-n_ e i g e n v a 1 u ~ )  we zou:d Lilt: 
c o r r e c t i o n s  i n  one s t e p .  
the c o r r e c t i o n s  a r e  s m a l l  and s o l v e  t h e  r e s u l t i n g  l i n e a r  
e q u a t i o n s .  The p r o c e s s  i s  r e p e a t e d  u n t i l  t h e  c o r r e c t i o n s  
f a l l  below some pre-ass igned  va lue .  
I n s t e a d  w e  assume f o r m a l l y  t h a t  
The s o l u t i o n s  found i n  t h i s  way a g r e e  w e l l  w i t h  t h e  
r e s u l t s  of t i m e  i n t e g r a t i o n s  i n  t h e  s t a b l e  r e g i o n  of t h e  
( R , T )  p l ane  and w i t h  t h e  a sympto t i c  t h e o r y  f o r  R -t 00. 
I n  p a r t i c u l a r  p e r i o d i c  s o l u t i o n s  p a s s i n g  close t o  t h e  o r i g i n  
of t h e  phase s p a c e  of (1.1) a r e  found n e a r  t h e  l i n e  6 = A .  
I n  F l o q u e t  t h e o r y  one s t u d i e s  t h e  s t a b i l i t y  of p e r i -  
odic s o l u t i o n s  of a non- l inea r  o r d i n a r y  d i f f e r e n t i a l  equa- 
t i o n  b y  f i n d i n g  o u t  i f  s m a l l  p e r t u r b a t i o n s  t o  t h e  s o l u t i o n  
g r o w  o r  decay. The s i m i l a r i t y  t o  o u r  numer i ca l  p rocedure  
i s  obv ious  a i d  o u r  procedure  y i e l d s  t h e  F l o q u e t  m u l t i p l i e r s  
a s s o c i a t e d  w i t h  t h e  p e r i o d i c  s o l u t i o n  a s  w e l l  a s  the p e r i -  
odic s o l u t i o n  i t s e l f .  It is found t h a t  t h e  p e r i o d i c  s o l u -  
t i o n s  lose s t a b i l i t y  a s  a c r i t i c a l  c u r v e  i n  t h e  (R,T) 
p l a n e  i s  crossed f r o m  r i g h t  t o  l e f t  and t h i s  cu rve  i s  i n  
good agreement  w i t h  t h e  r igh t -hand boundary of t h e  a p e r i o -  
d i c i t y  s t r i p .  
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5 2. The Method of Averaqinq 
2a.  The ave raged  e q u a t i o n s .  
I n  t h i s  s e c t i o n  w e  t a k e  up t h e  problem of f i n d i n g  ap- 
proximat ions  t o  t h e  p e r i o d i c  s o l u t i o n s  of (1.1) i n  t h e  c a s e  
where R and T a r e  l a r g e  and R = O ( T ) .  
W e  r e c a l l  f r o m  t h e  p h y s i c a l  n a t u r e  of t h e  sys tem de- 
s c r i b e d  by (1.1) t h a t  i n f i n i t e  R and T co r re spond  t o  
no thermal  d i s s i p a t i o n ,  so t h a t  i n  t h i s  c a s e  t h e  sys tem 
w i l l  e x e c u t e  o s c i l l a t i o n s  o f  c o n s t a n t  ampl i tude .  W e  s h a l l  
c a l l  t h e s e  a d i a b a t i c  o s c i l l a t i o n s .  I f  R and T a r e  
l a r g e  b u t  f i n i t e  t h e  dynamical  t i m e  s c a l e  O ( R  ) which 
c h a r a c t e r i z e s  t h e  o s c i l l a t i o n s  i s  v e r y  much s h o r t e r  t h a n  t h e  
c o o l i n g  t i m e  O(1) which c h a r a c t e r i z e s  t h e  d i s s i p a t i v e  
p r o c e s s .  Thus d u r i n g  one o s c i l l a t i o n  t h e  d i s s i p a t i o n  can  
produce o n l y  a s m a l l  e f fec t  and w e  can  a n t i c i p a t e  t h a t  t h e  
ampl i tude ,  d e g r e e  o f  asymmetry and phase  of t h e  o s c i l l a t i o n s  
w i l l  change o n l y  v e r y  g r a d u a l l y .  Consequent ly  one can  a l -  
l o w  for  t h e  e f f e c t  o f  t h e  d i s s i p a t i v e  t e r m s  by  c a l c u l a t i n g  
t h e i r  average  o v e r  one o s c i l l a t i o n  (BOGOLIUBOV and MITRO- 
POLSKY 1961, p. 387 f f . )  
-$ 
b L e t  u s  i n t r o d u c e  a new d i m e n s i o n l e s s  t i m e  7 = R2 t , 
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so  t h a t  7 measures  t i m e  i n  dynamical  u n i t s .  Then (1.1) 
c a n  be w r i t t e n  
The s m a l l  d i s s i p a t i v e  t e r m s  a r e  on t h e  r i g h t  and t h e  a d i a -  
b a t i c  mot ions  t h u s  s a t i s f y  
T h i s  e q u a t i o n  was d i s c u s s e d  i n  MS. If w e  i n t e g r a t e  it t w i c e  
w e  f i n d  t h a t  
where E and B a r e  c o n s t a n t s  of i n t e g r a t i o n .  P h y s i c a l l y ,  
E i s  t h e  e n e r g y  and  B t h e  buoyancy defect r e l a t i v e  t o  
t h e  f l u i d  a t  z = 0 o f  t h e  o s c i l l a t i n g  e l emen t .  The c u r v e s  
of c o n s t a n t  E i n  t h e  (Z, 9) phase  p l a n e  a r e  c l o s e d  
f o r  a l l  B , so t h a t  e x c e p t  for  a c r i t i c a l  c u r v e  which e n t e r s  
a s a d d l e  p o i n t ,  e v e r y  c u r v e ,  and hence  e v e r y  p a i r  o f  v a l u e s  
( E , B )  , c o r r e s p o n d s  t o  a p e r i o d i c  s o l u t i o n  of ( 2 . 2 ) .  
Thus fo r  any v a l u e  of & t h e r e  i s  a doub ly  i n f i n i t e  
f a m i l y  o f  a d i a b a t i c  o s c i l l a t i o n s  and i t  i s  up t o  t h e  d i s -  
- 9- 
s i p a t i v e  p r o c e s s  t o  decide which m e m b e r s  o f  t h i s  f a m i l y  
n e i t h e r  g a i n  or l o s e  e n e r g y  and buoyancy o v e r  one cycle. 
These p a r t i c u l a r  a d i a b a t i c  o s c i l l a t i o n s  w i l l  be o u r  approx i -  
mat ion  t o  t h e  p e r i o d i c  s o l u t i o n s  of (1.1) f o r  t h e  g i v e n  
v a l u e  of 6 . 
W e  can i n t e g r a t e  (2 .3)  a g a i n  i n  t e r m s  o f  J a c o b i  e l l i p -  
t i c  f u n c t i o n s  b u t  l e t  u s  w r i t e  t h e  s o l u t i o n  of ( 2 . 3 )  i n  t h e  
f o r m  
z = zA(7+8,E,B,6) (2 .4)  
where t h e  new c o n s t a n t  of i n t e g r a t i o n  0 i s  a phase ,  and 
where t h e  s u b s c r i p t  ' A ' i s  t o  emphasize t h a t  z ,  ( T )  i s  a 
s o l u t i o n  of the a d i a b a t i c  approx ima t ion  ( 2 . 3 ) .  
W e  have suggested t h a t  f o r  l a r g e  R t h e  e f f e c t  of t h e  
d i s s i p a t i o n  w i l l  be t o  s l o w l y  change t h e  shape  of t h e  a d i -  
a b a t i c  o s c i l l a t i o n s .  To a l l o w  f o r  t h i s  w e  r e g a r d  8 , E 
and B n o t  a s  c o n s t a n t s  b u t  a s  v a r y i n g  o n l y  o v e r  many 
( a c t u a l l y  O ( R  ) ) c y c l e s  and w e  t r y  t o  choose  them so 
t h a t  (2 .1)  i s  s a t i s f i e d  i n  a n  a v e r a g e  s e n s e .  A s  a conse-  
quence  of t h e  t i m e  dependence of t h e  c o n s t a n t s ,  
4 
i -10- 
a 
where a do t  d e n o t e s  
three terms v a n i s h  f o r  a l l  t w e  can  e=sQre that 
. Now i f  w e  i n s i s t  t h a t  the  l a s t  
d7 
and by a s i m i l a r  r e s t r i c t i o n  on t h e  second d e r i v a t i v e s  w e  
can  e n s u r e  t h a t  
and so 
Thus w e  have 
= O  
= O  
-11- 
where t h e  f i n a l  e q u a t i o n  of t h e  se t  i s  derived by i n s i s t -  
i n g  t h a t  Z ( T )  s a t i s f i e s  the f u l l  e q u a t i o n  (2 .1 ) .  
The second and t h i r d  d e r i v a t i v e s  o f  z ,  i n  (2 .5)  can  
e a s i l y  be e x p r e s s e d  i n  t e r m s  of t h e  f i rs t  d e r i v a t i v e s  by  
u s i n g  (2 .3) .  For example,  i f  w e  d i f f e r e n t i a t e  (2.3) w i t h  
r e s p e c t  t o  E w e  f i n d  
and us ing  t h i s  and s i m i l a r  e a s i l y  d e r i v e d  r e l a t i o n s  w e  can  
show t h a t  t he  s o l u t i o n  of (2.5) i s  
So f a r  the a n a l y s i s  i s  e x a c t  and w e  c o u l d  i n  p r i n c i p l e  
s o l v e  t h e s e  e q u a t i o n s  f o r  Q , E , B u s i n g  t h e  e x p l i c i t  
s o l u t i o n  ( 2 . 4 ) .  Needless t o  s a y ,  t h i s  i s  i m p o s s i b l e  and 
w e  r e p l a c e  t h e  r igh t -hand  sides i n  ( 2 . 6 )  by  t h e i r  ave rage  
v a l u e s  over  one o s c i l l a t i o n .  L e t  u s  denote t h i s  ave rage  
-12- 
L 
b y  an  overbar .  Now 
and for a p e r i o d i c  s o l u t i o n  
so t h a t ,  on t a k i n g  t h e  averages  of t h e  r igh t -hand s i d e s  o f  
(2 .6 ) ,  w e  can s i m p l i f y  t h e  e q u a t i o n s  t o  
J 
These e q u a t i o n s  a r e  cons ide rab ly  s i m p l e r  i n  t h a t  t h e r e  i s  
no e x p l i c i t  t i m e  dependence and a s o l u t i o n  i s  f e a s i b l e .  
I n  p a r t i c u l a r  w e  obse rve  t h a t  s i n c e  t h e  ave rage  v a l u e  of 
a power of z ,  i s  independent  of  8 , t h e  l a s t  two equa- 
t i o n s  s u f f i c e  t o  de te rmine  E ( T )  and B ( T )  . Thus t h e  
phase d rops  o u t  of t h e  problem (a  r e f l e c t i o n  of t h e  f a c t  
-13- 
t h a t  o u r  system i s  unforced)  and w e  a r e  l e f t  w i t h  the p a i r  of 
e q u a t i o n s  
where 
and 
and 
(2.10) 
W e  a r e  interested i n  v a l u e s  E, and B, which make 
(2.11) 
J 
W e  can s o l v e  (2 .11)  d i r e c t l y ,  b u t  it i s  i n s t r u c t i v e  t o  n o t e  
t h a t  s o l u t i o n s  of (2.11)  a r e  s i n g u l a r  p o i n t s  of (2.8)  i n  
t h e  (E,B) p lane .  T h i s  s u g g e s t s  t h a t  the s t r u c t u r e  of the 
s o l u t i o n s  of (2.8)  i n  t h e  ( E , B )  p l a n e  w i l l  be of i n t e r e s t .  
For  example, if t h e  s i n g u l a r  p o i n t  (E , ,B , )  i s  u n s t a b l e  w e  
-14- 
s h o u l d  n o t  e x p e c t  t o  f i n d  t h e  cor responding  adiabatic nscil- 
l a t i o n  i n  a t i m e  i n t e g r a t i o n  of (1.1). The i d e a  o f  d i s c u s s -  
i n g  t h e  n a t u r e  o f  p e r i o d i c  s o l u t i o n s  of a d i f f e r e n t i a l  equa- 
t i o n  ir, t e r m s  of t h e  phase p lane  of t h e  a d i a b a t i c  c o n s t a n t s  
i s  due t o  Andronow and W i t t  (STOKER 1950,  p. 153), who ex- 
amined second-order  f o r c e d  systems. 
Suppose t h a t  w e  a r e  c l o s e  t o  a s i n g u l a r  p o i n t  so t h a t  
t h e n  approx ima te ly  
(2.12) 1 
and t h e  n a t u r e  of t h e  s i n g u l a r  p o i n t  i s  dec ided  by t h e  
v a l u e s  of  t h e  f o u r  p a r t i a l  d e r i v a t i v e s ,  u n l e s s  t h e  d e t e r -  
minant  
(2.13) 
-15- 
(STOKER 1950, p. 4 4 ) .  When (2.13) i s  s a t i s f i e d  t h e r e  i s  
a n o t h e r  s o l u t i o n  o f  (2 .8)  n e a r  (E, ,B,)  so t h a t  w e  have a 
b i f u r c a t i o n ,  (The s u p e r s c r i p t  means t h a t  t h e  p a r t i a l  d e r i v a -  
t i v e s  a r e  e v a l u a t e d  a t  (E, ,B,)  ) .  
The d i s c u s s i o n  o f  t h e  s t r u c t u r e  of t h e  ( E , B )  p l a n e  
i s  g r e a t l y  f a c i l i t a t e d  by  the i n t r o d u c t i o n  of a g e n e r a t i n g  
f u n c t i o n  whose e x i s t e n c e  was p o i n t e d  o u t  t o  u s  by  Whitham 
(1966 P r i v a t e  communication),  L e t  
(2 .14 )  
where the  i n t e g r a l  i s  t aken  around the energy  c u r v e  d e f i n e d  
by  E and B . C l e a r l y  H ( E , B , G )  i s  j u s t  t h e  a r e a  under  
t h e  energy curve .  Whitham shows t h a t  F and G can  be 
expressed  i n  t e r m s  o f  H and i t s  d e r i v a t i v e s  w i t h  r e s p e c t  
t o  E and B and a s h o r t  c a l c u l a t i o n  g i v e s  
and 
(2 .15)  i 
-16- 
a H  P =  bE (2.i6) 
i s  t h e  p e r i o d  o f  t h e  a d i a b a t i c  o s c i l l a t i o n .  From (2 .15)  and 
(2.11) 
(2 .17)  
The system of e q u a t i o n s  ( 2 . 1 1 )  has  one t r i v i a l  s o l u t i o n  
which w e  can d i s p o s e  o f  b e f o r e  proceeding.  W e  can v e r i f y  
a n a l y t i c a l l y  t h a t  
w h i l e  
H(0,O) i s  f i n i t e .  
Thus E = 0 and B = 0 is a s o l u t i o n  of (2 .11)  f o r  . 
The cor responding  energy cu rve  i s  t h e  c r i t i c a l  f i g u r e  of 
e i g h t  curve  e n t e r i n g  t h e  s a d d l e  p o i n t  ( 0 , O )  i n  t h e  
( z ,  ) p l a n e ,  so t h a t  t h e  only p e r i o d i c  s o l u t i o n  w i t h  d T  -’ 
-17- 
E = 0 and B = 0 i s  z A  = 0 , t h a t  i s , n o  motion a t  a l l !  
T h i s  corresponds t o  t h e  p o s i t i o n  of u n s t a b l e  e q u i l i b r i u m  
a t  z = 0 for  t h e  o r i g i n a l  e q u a t i o n  (1.1). 
W e  n e x t  prove t h a t  (2.11) h a s  n o n - t r i v i a l  s o l u t i o n s  
o n l y  when 6 < 9 . C l e a r l y  H 3 0 and,  because  t h e  energy  
c u r v e s  i n c r e a s e  i n  s i z e  as  E i s  i n c r e a s e d ,  E > 0 . Now 
a n  energy c u r v e  w i t h  E = 0 p a s s e s  th rough  t h e  o r i g i n  i n  
aE 
t h e  (2, E ) plane .  Thus an energy  cu rve  w i t h  E < 0 
i s  e i t h e r  e n t i r e l y  i n  t h e  r eg ion  z 3 0 o r  e n t i r e l y  i n  t h e  
r e g i o n  z < 0 . I n  e i t h e r  c a s e  z A  f 0 so t h a t  i n  view 
of (2.17)  
a H p O  i f  E C O .  3 6  (2.18) 
Thus s o l u t i o n s  a r e  p o s s i b l e  o n l y  i f  E 1 0  and t h e  condi-  
t i o n  f o r  a n o n - t r i v i a l  s o l u t i o n  t o  be p o s s i b l e  f o l l o w s  a t  
once from t h e  form o f  F g iven  by (2 .15) .  
W e  stress t h a t  w e  have n o t  proved t h a t  periodic so lu -  
t i o n s  o f  (1.1) a r e  imposs ib l e  a t  l a r g e  R and T i f  6 2 
on ly  t h a t ,  i n  t h i s  range ,  t h e  p e r i o d i c  s o l u t i o n s  a r e  n o t  
approximated b y  p e r i o d i c  s o l u t i o n s  of (2 .3 ) .  T h i s  i s  con- 
f i rmed by t h e  t i m e  i n t e g r a t i o n s ,  s i n c e  for  6 > $ w e  found 
t h a t  t h e  e q u a t i o n  had p e r i o d i c  s o l u t i o n s ,  b u t  t h a t  t h e s e  
-18- 
A f u r t h e r  t r a n s f o r m a t i o n  is u s e f u l .  L e t  
E* = E/b2  , 
and 
B* = B/6 94 
Then 
(2 0 20) 
where so and s1 correspond t o  t h e  p o i n t s  i n  which t h e  
energy  c u r v e  c u t s  t h e  z a x i s .  W e  n o t e  t h a t  H depends on 
6 o n l y  through t h e  f a c t o r  63'2 . Thus t h e  curve  i n  t h e  
(E*,B*)  p l ane  on which 
so t h a t  i n  view of ( 2 . 1 7 )  G and TA v a n i s h  a t  eve ry  p o i n t  
aH = 0 is independent  of  5 , 
AB* 
o f  t h i s  curve.  I n  g e n e r a l  F w i l l  be non z e r o  e x c e p t  a t  
a f i n i t e  number of p o i n t s  of r and a s  6 changes these 
p o i n t s ,  which a r e  t h e  s i n g u l a r  p o i n t s  of  ( 2 . 8 )  i n  t h e  (E*,B*) 
p lane  w i l l  t r a v e r s e  (F igure  7 ) .  
The symmetry of H w i t h  r e s p e c t  t o  B* shows t h a t  
-19- 
(2.21) 
so t h a t  one b ranch  of r i s  t h e  p o s i t i v e  E* a x i s .  Indeed 
it i s  obvious t h a t  z ,  v a n i s h e s  on any symmetric ene rgy  
c u r v e  -- p h y s i c a l l y ,  t h e  d i s s i p a t i o n  does  n o t  d e s t r o y  t h e  
symmetry of an  i n i t i a l l y  symmetric motion. These symmetric 
o s c i l l a t i o n s  a r e  s i m p l e s t  t o  d i s c u s s  and w e  c o n s i d e r  them 
i n  d e t a i l  i n  5 2b. and 5 2c. 
i n  9 2d., where w e  f i n d  t h a t  r h a s  a b ranch  on which 
B* 4 0 , g i v i n g  r i s e  t o  asymmetric o s c i l l a t i o n s .  
W e  r e t u r n  t o  t h e  g e n e r a l  c a s e  
2b. The symmetric o s c i l l a t i o n s  
If B* = 0 t h e  ene rgy  c u r v e s  a r e  symmetric abou t  t h e  
dz a x i s .  The c r i t i c a l  cu rve  now p a s s e s  through t h e  o r i g i n  
d7 
and cor responds  t o  E* = 0 : f o r  E* 3 0 t h e  ene rgy  c u r v e s  
have a s i n g l e  symmetric b ranch  ( F i g u r e  4 a ) .  
W e  now e a s i l y  see t h a t  
and 
+ 
I f  E* < 0 t h e  energy  cu rve  i s  e n t i r e l y  above o r  below t h e  
# 0. H(E*,B*)  i s  n o t  d i f f e r e n t i a b l e  a t  ( 0 , O ) .  AH z a x i s  and - 
aB* 
-20- 
where 
and (2.22) 
S,'= 3 [ I  + ( I + $ E ' ) * ]  
J 
The i n t e g r a l s  a r e  e a s i l y  e v a l u a t e d  (Byrd and Friedman 1954,  
p. 45) and w e  f i n d  t h a t  the equa t ion  
which w i l l  de t e rmine  t h e  v a l u e  of E* co r re spond ing  t o  a 
s t e a d y  o s c i l l a t i o n  i s  e q u i v a l e n t  t o  
where 
( 2 . 2 3 )  
(2.24) 
and where,  i n  t h e  s t a n d a r d  n o t a t i o n ,  E ( k )  and K(k)  a r e  
complete  e l l i p t i c  i n t e g r a l s .  A r a t h e r  more conven ien t  form 
-21- 
may be o b t a i n e d  by a p p l y i n g  t h e  imaginary  modulus t r a n s f o r -  
mat ion  t o  E and K and a f t e r  some m a n i p u l a t i o n  we f i n d  
where 
C l e a r l y  a s  UI i n c r e a s e s  from 0 t o  00 , @ i n c r e a s e s  mono- 
t o n i c a l l y  from 1 t o  0 0 ,  so t h a t  a s  E* i n c r e a s e s  from 0 t o  
00 , t h e  r igh t -hand  side o f  (2 .25)  d e c r e a s e s  mono ton ica l ly  
f r o m  QD t o  1 - 4/36 ( w e  a s s u m e  0 < 5 < 3/4) whereas  t h e  
l e f t -hand  side i n c r e a s e s  mono ton ica l ly  f r o m  1 - 2/36 t o  
00 . Thus t h e r e  i s  a unique E* = E:(5) f o r  which (2.25) 
i s  s a t i s f i e d  and t h e  f u n c t i o n  E,*(6)  i s  e a s i l y  found nu- 
m e r i c a l l y .  Once E:(&) i s  de te rmined ,  s, and s2  can  
be found i n  t e r m s  of 6 from t h e i r  d e f i n i t i o n s  (2.22) and 
t h e  o s c i l l a t i o n  i s  g i v e n  by 
-22- 
and i ts  p e r i o d  P, .... by  
4 " .  
P S V ,  i s  shown a s  a f u n c t i o n  of 6 i n  F i g u r e  5 and w e  
n o t e  t h a t  it i n c r e a s e s  r a p i d l y  a s  6 approaches  t h e  c r i t i -  
c a l  v a l u e  3/4. T h i s  i s  because  a s  5 -+ 3/4 - / Et(?) -+ 0 + / 
so t h a t  t h e  ene rgy  c u r v e  i s  t e n d i n g  t o  merge w i t h  t h e  f i g u r e -  
of-eight cu rve  which h a s  i n f i n i t e  pe r iod .  
shown b y  expanding f o r  s m a l l  E* t h a t  
I n  f a c t  it can  be 
The form of t h e  o s c i l l a t i o n s  f o r  6 = 0.748 is shown 
i n  F i g u r e  6. The f l a t  p o r t i o n  o f  s m a l l  s l o p e  which i s  de- 
ve loped  when 6 i s  n e a r  the c r i t i c a l  v a l u e  i s  d u e  t o  t h e  
s l o w  motion o f  t h e  p a r t i c l e  n e a r  t h e  s a d d l e  p o i n t  ( 0 , O )  
dz 
d T  
( z A l  -") plane .  T h i s  co r re sponds  t o  a close approach 
t o  t h e  o r i g i n  t h e  phase space  (z, o f  t h e  o r i g i -  
d t  d t "  
n a l  e q u a t i o n  (1.1). 
The above a n a l y s i s  i s  restricted t o  t h e  c a s e  R 3 T 
-23- 
f o r  which 6 > 0 . If 6 < 0 v e r y  s i m i l a r  a n a l y s i s  can 
be g iven  and i t  appea r s  t h a t  t h e r e  i s  a g a i n  a unique sym- 
m e t r i c  s o l u t i o n .  
The t i m e  i n t e g r a t i o n s  showed t h a t  t h e r e  was a s t a b l e  
symmetric s o l u t i o n  o n l y  when 6 < -54  , approximate ly .  T h i s  
s u g g e s t s  t h a t  t h e  symmetric s o l u t i o n  i s  u n s t a b l e  when 
T h i s  i s  confirmed i n  3 2c. 
s t a b l e  a s y m m e t r i c  o s c i l l a t i o n  when 6 was s l i g h t l y  g r e a t e r  
t h a n  -54. 
The t i m e  i n t e g r a t i o n s  showed a 
W e  c o n s i d e r  t h i s  i n  9 2d. 
2c. The s t a b i l i t y  of t h e  symmetric s o l u t i o n .  
W e  have seen  t h a t  a symmetric s o l u t i o n  e x i s t s  i n  t h e  
range  -#) < 6 < 3/4. I n  t h i s  s e c t i o n  w e  d i s c u s s  i t s  s t a -  
b i l i t y  by examining t h e  n a t u r e  of t h e  s i n g u l a r  p o i n t  
where E E ( 6 )  i s  t h e  s o l u t i o n  of  t h e  t r a n s c e n d e n t a l  equa- 
t i o n  (2.25) .  
(E:,O) 
It fo l lows  f r o m  t h e  symmetry of F w i t h  r e s p e c t  t o  B 
so t h a t  (2.12) assume t h e  form 
-24- 
and it fo l lows  from STOKER 1950, p. 44,  t h a t  t h e  p o i n t  
(E,,O) is 
a s t a b l e  node if 
FEto) G,(O' > 0 : F,  ( 0 )  + G,"' < 0 
an u n s t a b l e  node if 
+ G,") > 0 (01 F ,  G,") > 0 : FE(" 
111) a s a d d l e  p o i n t  i f  
Now it can be shown from t h e  r e s u l t s  o f  2 2b. t h a t  
F €  (En (6) t O , f i )  < 9 ( 2 . 2 7 )  
Thus c a s e  I1 canno t  occur  and w e  have a s t a b l e  node i f  
G,'" < 0 and a s a d d l e  p o i n t  of  G,") > 0 . I f  GB[') = 0 
t h e r e  w i l l  be a b i f u r c a t i o n .  
W e  cannot  c a l c u l a t e  G, without  c o n s i d e r i n g  asymmetric 
-25- 
s o l u t i o n s ,  However, s i n c e  the d e p a r t u r e  from symmetry i s  
s m a l l ,  w e  can  use  a p e r t u r b a t i o n  method, Thus t o  c a l c u l a t e  
t h e  f u n c t i o n  G, (E,,O, 6 )  w e  w r i t e  
and s u b s t i t u t e  i n  (2.3), r e t a i n i n g  o n l y  terms l i n e a r  i n  y . 
Thus w e  f i n d  
whose s o l u t i o n  i s  
( z , / i : )d t  + Di, I s y = - B&, 
where D i s  a c o n s t a n t  of i n t e g r a t i o n .  However t h e  v a l u e  
o f  D does n o t  a l t e r  t h e  ave rage  v a l u e s  invo lved  i n  the  
c a l c u l a t i o n  of G, and w e  se t  it e q u a l  t o  z e r o  i n  subsequent  
work, 
S u b s t i t u t i n g  t h e  e x p l i c i t  f o r m  of z ,  w e  f i n d ,  a f t e r  
some a l g e b r a ,  t h a t  
- 
It  is now a s t r a i g h t f o r w a r d  m a t t e r  t o  c a l c u l a t e  y and s i n c e  
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( 2 . 3 0 )  
C l e a r l y  the s i g n  of G,lo) 
q u a n t i t y  i n  the  s q u a r e  b r a c k e t  i n  (2.30) and s u b s t i t u t i n g  
f o r  so i t s  d e f i n i t i o n  (2.22) w e  have 
i s  dec ided  by the s i g n  of t h e  
From the numer i ca l  s o l u t i o n  of the t r a n s c e n d e n t a l  e q u a t i o n  
(2.25) which d e f i n e s  E * ( a )  w e  f i n d  
and w e  conclude  t h a t  t he  symmetric s o l u t i o n  i s  s t a b l e  o n l y  
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T h i s  i s  i n  good agreement w i t h  the  t i m e  i n t e g r a t i o n s  of 
(1.1) f o r  l a r g e  R . 
The c r i t i c a l  v a l u e  of 6 co r re sponds  t o  a b i f u r c a t i o n .  
I n  t h e  next s e c t i o n  w e  d i s c u s s  the s t r u c t u r e  o f  t h e  (E*,B*) 
p lane  a s  a f u n c t i o n  of 6 and w e  show t h a t  a s t a b l e  asym- 
metric s o l u t i o n  b i f u r c a t e s  from t h e  symmetric s o l u t i o n  a t  
t h e  p o i n t  cor responding  t o  t h e  c r i t i c a l  v a l u e .  T h i s  i s  a l s o  
i n  agreement w i t h  t h e  r e s u l t s  of t h e  t i m e  i n t e g r a t i o n s .  
2d. T h e  s t r u c t u r e  of t h e  (E*,B*) p l a n e  
W e  have seen  t h a t  (2.11) have a symmetric s o l u t i o n  f o r  
6 < 3/4 . To complete  o u r  d i s c u s s i o n  w e  must examine the  
p o s s i b i l i t y  of s o l u t i o n s  w i t h  B* # 0 . I n  view of t h e  
symmetry o f  the (E*,B*) p lane  w i t h  r e s p e c t  t o  B* w e  
need c o n s i d e r  only p o s i t i v e  B* . 
The ene rgy  c u r v e s  ( F i g u r e  4) a r e  
(2.31) 
and w e  must f irst  d i s c u s s  how t h e s e  energy  c u r v e s  depend 
on E* and B* . The p o s i t i o n s  of e q u i l i b r i a  s a t i s f y  t h e  
c u b i c  
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s o  t h a t  there a r e  three p o s i t i o n s  of e q u i l i b r i u m  i f  
0 < B* < 2/3 and one i f  B* > 2/3 . Moreover i n  the first 
c a s e  the c e n t r a l  p o s i t i o n  i s  u n s t a b l e  and the o u t e r  pos i -  
t i o n s  s t a b l e  whereas  i n  the second c a s e  t h e  sole e q u i l i b -  
r ium p o s i t i o n  i s  s t a b l e  (these s t a t e m e n t s  a r e  proved i n  M S ) .  
Thus i f  B* > 2/3 the  energy  cu rves  a r e  closed o v a l s ,  which 
i n c r e a s e  i n  s i z e  a s  E* i n c r e a s e s  from t h e  v a l u e  E * ( S e )  
a p p r o p r i a t e  t o  the p o s i t i o n  of e q u i l i b r i u m  se . I f  B* < 2/3 
t h e  s i t u a t i o n  i s  more complicated.  L e t  s, , se  ,s, 
p o s i t i o n s  of e q u i l i b r i u m  where 
be t h e  0) (2 )  (3 )  
so t h a t  se ‘ I )  and se (’’ a r e  t h e  s t a b l e  p o s i t i o n s .  When 
B* = 0 set’) = - 6 , se ( 2 )  = 0 and se(3) = + . As B* 
i n c r e a s e s  se (’) and s ~ ( ~ )  dec rease  and se ‘1 i n c r e a s e s  
u n t i l  when B* = 2/3 Set2) and Se ( 3 )  merge a t  t h e  v a l u e  
1 w h i l e  s, ( I )  .-) -2 . I n  F igu re  7 w e  s k e t c h  the c u r v e s  
E*( se (” )  (and i t s  c o n t i n u a t i o n  E * ( S e )  ) ,  marked CD , 
E*(se‘’)) , marked CA , and E*(Seta’) marked OA . Suppose 
so t h a t  w e  f i x  B* < 2/3 and i n c r e a s e  E* f r o m  E * ( s e  
w e  move a long  a l i n e  p a r a l l e l  t o  t h e  E* a x i s .  The e n e r g y c u m e  
(1) ) 
-29- 
c o n s i s t s  f i r s t  o f  a s i n g l e  o v a l  su r round ing  se (I’ which 
i n c r e a s e s  i n  s i z e  a s  E* i n c r e a s e s .  A f t e r  w e  cross CA 
c 1)  t h e  energy cu rve  h a s  t w o  b r a n c h e s ,  one su r round ing  se 
and one sur rounding  Se ( ‘ I .  A s  E* i n c r e a s e s  b o t h  o v a l s  
grow u n t i l  on the cu rve  OA t h e y  merge and e n t e r  the un- 
s t a b l e  p o i n t  s, (*) o 
ure-of -e ight  curve  and t h e  motions a r e  non-per iodic .  T h i s  
c u r v e  i s  c a l l e d  t h e  s e p a r a t r i x .  When E* i n c r e a s e s  s t i l l  
f u r t h e r ,  the energy  c u r v e  i s  a s i n g l e  c l o s e d  cu rve  surround-  
i n g  the s e p a r a t r i x .  
The energy  c u r v e  i s  now a s i n g l e  f i g -  
I n  short ,  w e  have a double  branched  ene rgy  c u r v e  i n  
t h e  c r e s c e n t  shaped r e g i o n  C A 0 and a s i n g l e  branched 
energy  curve everywhere else t o  t h e  r i g h t  o f  CD . The a r c  
OA cor responds  t o  t h e  s e p a r a t r i x .  
When t h e  energy  c u r v e  i s  double  branchzd ,  t h e  b ranch  
sur rounding  se ‘3) i s  e n t i r e l y  i n  t h e  r e g i o n  s > 0 so  
t h a t  c l e a r l y  FA # 0 on t h i s  branch .  Thus when t h e  curve  
i s  double branched t h e  b ranch  su r round ing  se (” i s  t h e  
b ranch  on which H is  c a l c u l a t e d .  
The n e x t  s t e p  i n  t h e  d i s c u s s i o n  i s  t o  de te rmine  t h e  
curve  r on which aH/aB* = 0 . W e  have a l r e a d y  seen  t h a t  
h a s  a b ranch  B* = 0 co r re spond ing  t o  symmetric o s c i l -  
l a t i o n s .  When B* > 0 s o l u t i o n s  a r e  sough t  n u m e r i c a l l y ,  
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w i i i i - 1  ihe reslilts sketched in Figure  7. Al? asy.?L!!etric b r a g &  
o f  I? b i f u r c a t e s  from B* = 0 a t  the  p o i n t  Q (which was 
a l r e a d y  l o c a t e d  i n  5 2c.) and r e t u r n s  t o  t h e  symmetric branch  
a t  0 , c r o s s i n g  CA a t  t h e  p o i n t  P . The d o t t e d  p o r t i o n  
of r i s  o n l y  in fer red  s i n c e ,  owing t o  t h e  proximi ty  o f  f 
t o  the c r i t i c a l  cu rve  OA cor responding  t o  t h e  s e p a r a t r i x ,  
t h e  numer i ca l  w o r k  becomes v e r y  d i f f i c u l t .  F o r t u n a t e l y ,  on 
t h e  c u r v e  CA , aH/aB* can  be expres sed  i n  t e r m s  of ele- 
mentary f u n c t i o n s  and t h e  p o i n t  P l o c a t e d  e x a c t l y ,  provid-  
i n g  a check on t h e  numer ica l  c a l c u l a t i o n s .  The c l o s e n e s s  of 
T t o  OA is shown by  t h e  f a c t  t h a t  A h a s  c o o r d i n a t e s  
(1/4,  2/3) whereas  P h a s  c o o r d i n a t e s  ( - 2 4 ,  -6572 ...) 
Near 0 a n  approximate a n a l y t i c  t r e a t m e n t  becomes pos- 
s ib l e  and r a t h e r  l e n g t h y  c a l c u l a t i o n s  (Appendix A )  show t h a t  
i n  the sector AOB* 
whereas  OA i t s e l f  i s  
(2.34) 
so  t h a t  ;?H/;SB* v a n i s h e s  on t h e  c u r v e  
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(2.35) 
The proximi ty  of  t h e  c u r v e s  I? and OA i s  c l e a r  f r o m  h i s  
formula.  
Once r is de termined  t h e  p o i n t  on r a t  which 
can be found. The a r rows  on F i g u r e  7 show t h e  d i r e c t i o n  fj 
i n c r e a s i n g .  The b i f u r c a t i o n  p o i n t  Q i s ,  a s  a l r e a d y  seen  
i n  5 2d . ,  6 = -561 , t h e  p o i n t  P i s  6 = 5/8 and a t  0 , 
5 = 3/4 . The p e r i o d  P A S ,  of t h e  asymmetric o s c i l l a t i o n s  
i n c r e a s e s  r a p i d l y  a s  6 i n c r e a s e s  ( F i g u r e  5 ) :  t h e  approxi -  
mate s o l u t i o n  g iven  i n  Appendix A shows t h a t  
i n  c o n t r a s t  t o  the l o g a r i t h m i c  b e h a v i o r  of Psyv . 
F o r  6 j u s t  s m a l l e r  t h a n  3/4 the energy  cu rve  i s  j u s t  
i n s i d e  the  lower loop o f  t h e  s e p a r a t r i x .  Consequent ly  t h e  
phase p o i n t  spends most of each  p e r i o d  n e a r  t h e  p o i n t  Se (2 1 
t r a v e r s i n g  t h e  rest of t h e  energy  cu rve  i n  a t i m e  o f  O ( 1 )  . 
A s  a r e s u l t  the o s c i l l a t i o n s  have a s p i k e d  appearance ,  w i t h  
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- long f l a t  p o r t i o n s  between the s p i k e s .  Thus t h e  asymmetric 
s o l u t i o n s  a l s o  co r re spond  t o  a close approach  t o  t h e  p o i n t  
(o,o,o) i n  t h e  ( z , k , E )  phase s p a c e  o f  (1.1) when 6 + 3/4 - . 
The n a t u r e  of t h e  s i n g u l a r  p o i n t  ( E E , B z )  was a l s o  de- 
termined.  On E*Q # t h e  s i n g u l a r  p o i n t  i s  a s t a b l e  node and 
on QO , it i s  a s a d d l e  p o i n t ,  so t h a t  s t a b l e  symmetric osci l -  
l a t i o n s  a r e  p o s s i b l e  o n l y  i f  6 ,561 . On QPO I it is  a t  
f i rs t  a s t a b l e  node, t h e n  a s t a b l e  s p i r a l  p o i n t  and t h e n  a t  
R , where 6 = .62 , it becomes a n  u n s t a b l e  s p i r a l .  Thus 
f o r  ,561 < 6 < .62 s t a b l e  asymmetric s o l u t i o n s  a r e  pos- 
sible. I n  F i g u r e  8a w e  show the  r e s u l t  o f  an  a c t u a l  t i m e  
i n t e g r a t i o n  when 6 = 0.6 . The p o i n t  (E*,B*) i s  s p i r a l -  
l i n g  i n t o  a s t a b l e  s p i r a l  p o i n t  a s  i t  should .  
When 6 .62 a l l  t h e  s i n g u l a r p o i n t s  of t h e  system 
(2 .8 )  a r e  u n s t a b l e .  T h i s  means t h a t  t h e r e  a r e  no  p o s s i b l e  
s t a b l e  o s c i l l a t i o n s  i n  t h i s  case .  I f  w e  i n t e g r a t e  (2.8) 
i n  t i m e  E* and B* w i l l  n o t  tend  t o  a f i x e d  p o i n t  a s  
t + 00 and it is  p l a u s i b l e  t o  suppose t h a t  t h e r e  w i l l  be 
a l i m i t  c y c l e .  T h i s  l i m i t  c y c l e  c a n n o t  sur round t h e  s a d d l e  
p o i n t  on OQ , so it must surround e i ther  t h e  u n s t a b l e  
s p i r a l  on OR o r  t h e  p o i n t  0 i t s e l f ,  which, a s  w e  saw 
i n  5 2a. i s  always a s i n g u l a r  p o i n t  of (2 .8) .  
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I f  (E*,B*) i s  d e s c r i b i n g  a l i m i t  c y c l e  i n  t h e  (E*,B*) 
p lane  the  o s c i l l a t i o n  cor responding  t o  E* and B* w i l l  
undergo a p e r i o d i c  modulat ion o f  ampl i tude  and shape. The 
p e r i o d  w i l l  be O ( 1 )  c o o l i n g  t i m e s  and w i l l  depend o n l y  
on 6 . Such p e r i o d i c  modulat ions of a fundamental  p e r i -  
o d i c  s o l u t i o n  have been observed f o r  f o r c e d  motion o f  a 
system of t w o  d e g r e e s  of  freedom (Hayashi 1964,  p. 309) .  
What i s  novel  i n  o u r  system i s  
a )  t h e  sudden jump i n  ampl i tude  
b) the  i r r e g u l a r  n a t u r e  o f  t h e  modulation. 
The sudden jump i s  reasonab ly  s imple  t o  e x p l a i n .  Sup- 
pose t h a t  when t h e  l i m i t  c y c l e  i s  sur rounding  t h e  u n s t a b l e  
s p i r a l  p o i n t  on t h e  asymmetric b ranch  of I' ( t h a t  i s , a  p o i n t  
below R ) i t s  l o w e r  p o r t i o n  c r o s s e s  OA . If i t s  l o w e r  
p o r t i o n  c r o s s e s  OA it i s  easy  t o  prove t h a t  it does  so 
from l e f t  t o  r i g h t .  Now c r o s s i n g  OA i n  t h i s  d i r e c t i o n  means 
going from t h e  c r e s c e n t  shaped r e g i o n  i n  which t h e  energy  
cu rve  has  t w o  d i s t i n c t  b ranches  t o  t h e  r e g i o n  where it s u r -  
rounds the  s e p a r a t r i x .  Thus a s  (E*,B*) crosses OA on 
i t s  l i m i t  c y c l e  t h e  cor responding  energy  c u r v e  jumps from 
an o v a l  j u s t  i n s i d e  t h e  l a r g e r  p o r t i o n  of t h e  s e p a r a t r i x  t o  
a dimpled curve  sur rounding  t h e  whole s e p a r a t r i x  ( F i g u r e  4 b ) .  
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Thus t h e  ampl i tude  and shape of t h e  o s c i l l a t i o n  w i l l  chanqe 
i n  j u s t  t h e  manner observed i n  t h e  t i m e  i n t e g r a t i o n s .  
p a r t i c u l a r  t h e  phenomenon w i l l  n o t  occu r  for 6 < .62 , 
s i n c e  t h e  asymmetric s o l u t i o n  is then  s t a b l e ,  a s  w e  have 
a l r e a d y  seen .  Th i s  is i n  good agreement w i t h  t h e  r e s u l t s  
o f  t h e  t i m e  i n t e g r a t i o n s .  
I n  
W e  have n o t  been a b l e  t o  prove t h a t  t h e  l i m i t  c y c l e  
crosses OA . I n s t e a d  w e  have v e r i f i e d  t h e  c o n j e c t u r e  by 
t i m e  i n t e g r a t i o n  of ( 2 . 8 ) .  The r e s u l t s  f o r  6 = .625 a r e  
shown i n  F i g u r e  8b. 
proaching a l i m i t  c y c l e  of  t h e  c o n j e c t u r e d  form. 
The s o l u t i o n  cu rve  appea r s  t o  be ap- 
F o r  6 .7 t h e  l i m i t  c y c l e  s t i l l  crosses OA , b u t  
su r rounds  t h e  p o i n t  0 , b e i n g  symmetric abou t  t h e  E* a x i s .  
T h i s  presumably reflects a change i n  c h a r a c t e r  of t h e  s ingu-  
l a r  p o i n t  a s  j - t  moves a long  I' towards 0 w i t h  i n c r e a s i n g  
h . However w e  have n o t  been a b l e  t o  compute r i n  t h i s  
r e g i o n ,  so t h i s  remains a c o n j e c t u r e .  
F i n a l l y ,  w e  c o n s i d e r  t h e  i r r e g u l a r  n a t u r e  of t h e  osci l -  
l a t i o n .  Suppose t h a t  a s o l u t i o n  cu rve  o f  (2 .8 )  crosses OA . 
On t h a t  p a r t  of t h e  s o l u t i o n  curve n e a r  t h e  c r o s s i n g  p o i n t  
t h e  energy  cu rve  cor responding  t o  (E*,B*) i s  v e r y  close t o  
t h e  s e p a r a t r i x .  Thus s m a l l  changes i n  E* and B* can 
make a l a r g e  change i n  H ( r e c a l l  t h a t  and a r e  
aE * aF3* 
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i n f i n i t e  on OA ) . Thus ( 2 . 8 )  i s  v e r y  s e n s i t i v e  t o  errors 
i n  E* and B* and s o l u t i o n  c u r v e s  which s t a r t  a t  neigh-  
b o r i n g  p o i n t s  on t h e  l e f t  o f  OA can  wide ly  d i v e r g e  t o  t h e  
r i g h t  of OA . Suppose w e  s t a r t  numer ica l  i n t e g r a t i o n  a t  a 
p o i n t  on t h e  l i m i t  c y c l e .  A f t e r  c r o s s i n g  OA t h e  s o l u t i o n  
cu rve  w i l l  be pushed o f f  t h e  l i m i t  c y c l e  by t h e  magni f ied  
errors. Subsequent ly  it w i l l  s p i r a l  back toward t h e  l i m i t  
cyc l e .  Thus i t  w i l l  a g a i n  encoun te r  OA and s u f f e r  a sec- 
ond random d e f l e c t i o n .  Th i s  p rocess  w i l l  r e p e a t  i t s e l f  i n -  
d e f i n i t e l y  so t h a t  t h e  s o l u t i o n  c u r v e  w i l l  neve r  c o i n c i d e  
w i t h  t h e  l i m i t  c y c l e .  
This  does  n o t  c o n f l i c t  w i t h  t h e  c a p t u r e  p r o p e r t y  of 
s t a b l e  l i m i t  c y c l e s  s i n c e  t h i s  depends e s s e n t i a l l y  on t h e  
f a c t  t h a t  t h e r e  i s  a unique s o l u t i o n  cu rve  through eve ry  
p o i n t  of phase space.  The magni f ied  errors can  be thought  
of  a s  random e x t e r n a l  f o r c i n g  f u n c t i o n s  a c t i n g  on t h e  system 
(2 .8 )  i n  a narrow reg ion  sur rounding  OA and i n  t h i s  r e g i o n  
t h e r e  c a n  be many s o l u t i o n  c u r v e s  through any p o i n t .  
The i r r e g u l a r  n a t u r e  of t h e  s o l u t i o n  cu rve  was v e r i f i e d  
by long  t i m e  i n t e g r a t i o n s  of  ( 2 . 8 )  . 
This  e x p l a n a t i o n  of  t h e  a p e r i o d i c i t y  of t h e  modulat ion 
depends on the e x i s t e n c e  of  an u n s t a b l e  s p i r a l  s i n g u l a r  p o i n t  
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of (2.8). A s  we  have seen the asymmetric s ingular  po in t  
goes unstable  a t  6 = .62. This i s  i n  good agreement with 
the right-hand boundary of the ape r iod ic i ty  s t r i p  found by 
time in tegra t ion .  
8 3. Periodic Solutions and the Aperiodic Range 
3a. The per iodic  solut ions f o r  f i n i t e  R and T. 
I n  the preceding sect ions i t  was seen that  f o r  very 
l a rge  values of R and T there can e x i s t  symmetric per iodic  
so lu t ions  of (1.1) so  long a s  6 c .75. These symmetric 
so lu t ions  a r e  s table  only i n  the range 6 c .561 and above 
t h i s  c r i t i c a l  value an asymmetric so lu t ion  ex i s t s ,  which 
i t s e l f  i s  s t a b l e  only i n  the  range .561 c 6 c .62. This 
asymptotic theory thus pred ic t s  t h a t  i n  the range .62 < 6 c .75 
there w i l l  be both symmetric and asymmetric solut ions,  but  
tha t  n e i t h e r  type w i l l  be s table .  
It i s  t o  be expected tha t  t he  asymptotic theory w i l l  
be approximately va l id  a t  la rge  but f i n i t e  R, and the above 
descriBtion accounts qua l i t a t ive ly  f o r  a number of the pro- 
p e r t i e s  of the so lu t ions  a t  R = 100 found by the numerical 
time in tegra t ions  i n  MS. For example, it was found t h a t  
t he  symmetric o s c i l l a t i o n  a lways  occurred f o r  s m a l l  values 
of 6, but t h a t  the  system s e t t l e d  i n t o  an asymmetric os- 
c i l l a t i o n  when T was made less than about 44(6 > .56). 
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When T became less than 40(S > . 60 )  the  o s c i l l a t i o n  became 
aperiodic.  No per iodic  so lu t ions  were found i n  the range 
40 > T > 25 ( .60 < 6 < .75) and the  per iodic  so lu t ions  
which appeared f o r  5 2 .75 were of t he  multiple-peaked, 
or squegging, s o r t  whLch cannot be predicted by the asymptotic 
theory s ince t h i s  type o€ so lu t ion  i s  not  exhibi ted by 
equation (2.3) .  
when a s t ab le  per iodic  so lu t lon  i s  found, t ha t  i t  i s  the  
only one t h a t  e x i s t s ;  and unstable  per iodic  s o l u t i m s  of 
the sort discussed i n  the  preceding sec t ions  cannot be 
found by t h e  straightforward t ime-integration technique. 
O f  course i t  i s  not  poss ib le  t o  be sure, 
I n  t h i s  sec t ion  we present  examples of the  symmetric 
and asymmetric so lu t ions  a t  f i n i t e  R i n  t h e i r  respect ive 
unstable ranges. By using spec ia l  numerical techniques, 
i t  i s  possible not only t o  exhib i t  the unstable  per iodic  
solutions,  but  a l s o  t o  show by the appl ica t ion  of Floquet 
theory tha t  they a r e  indeed unstable  i n  an in f in i t e s ima l  
sense. This o f f e r s  f u r t h e r  confirmation t h a t  t h e  "aperiodic" 
behavior discovered i n  MS i s  indeed v a c i l l a t i o n  among 
several  t r u l y  unstable  per iodic  solut ions,  and t h a t  the 
predict ions of the  asymptotic theory a r e  q u a l i t a t i v e l y  
va l id  a t  l a rge  but f i n i t e  R. 
Our numerical procedure depends upon a re laxa t ion  
technique, i n  which i t  i s  demanded tha t  t he  so lu t ion  be a 
periodic one. The problem i s  changed from a one-point 
boundary ( i n i t i a l  value)  problem t o  a two-point boundary 
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problem with per iodic  boundary conditions.  Thus only 
per iodic  so lu t ions  can be found (and of course the re  is 
no c e r t a i n t y  tha t  one has found a l l  of these) .  
appears i n  the r o l e  of an eigenvalue. 
The period 
I n  order  t o  apply t h i s  procedure equation (1.1) was 
transformed i n t o  a system of three f i r s t - o r d e r  equations, 
and the independent var iab le  was taken t o  be x = t / A ,  where 
h i s  the (unknown) period. The system thus becomes ( w i t h  
Y 1  = 4 
with  the boundary conditions 
For  def ini teness ,  i t  i s  also necessary t o  f i x  the phase a t  
some point ;  f a r  example, we normally take 
By a numerical procedure described i n  Appendix B we proceed 
t o  solve the system (3.1) subject  t o  the conditions (3.2) 
and ( 3 . 3 ) .  One begins w i t h  a set  of t r i a l  "solutions" 
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yi(x)  and a t r i a l  value of A, which may e i t h e r  be guessed 
or taken f rom t h e  so lu t ion  of some previous case.  I n  a 
series of i t e r a t i o n s  the funct ions and t h e  eigenvalue are  
systematical ly  corrected u n t i l  the  equations and conditions 
a r e  f u l f i l l e d  t o  high accuracy. The nature  of the  i n i t i a l  
t r i a l  functions narmally determines which solut ion,  i f  any, 
i s  f i n a l l y  obtained. With experience i t  becomes r e l a t i v e l y  
easy t o  obtain qu i t e  rapid convergence t o  the desired solut ion.  
The number of i t e r a t i o n s  required va r i e s  considerably,  
depending upon both  the  nature  of the  so lu t ion  and the  
goodness of the  t r i a l  solut ion.  Regular, near ly  s inusoida l  
solut ions are very e a s i l y  obtained, while s t rongly asymmetric 
solut ions and those w i t h  sharp peaks require  many i t e r a t i o n s  
w i t h  gentle correct ions.  
I n  order  t h a t  t he  so lu t ions  of the d i f fe rence  equations 
may approximate as c lose ly  as poss ib le  those of t h e  corre- 
sponding d i f f e r e n t i a l  equations, the  number of mesh po in t s  
i n  the  i n t e r v a l  [0,1] of the independent var iab le  was in -  
creased u n t i l  i t  w a s  determined tha t  the r e s u l t s  no longer 
changed when the number was f u r t h e r  increased. 
t h a t  1000 poin ts  i s  usua l ly  a s u f f i c i e n t  number. 
point  i s  reached, the  e r r o r  i n  the  so lu t ion  presumably 
depends c h i e f l y  upon the  accumulated round-off e r r o r  i n  
the  a r i thmet ica l  operations.  I n  order  t o  keep t h i s  as s m a l l  
as possible,  double-precision f loat ing-point  arithmetic 
was used throughout ( i .e . ,  round-off' of an ind iv idua l  number 
It w a s  Tound 
When th i s  
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occurs i n  the  s ix teenth  s ign i f i can t  decimal d i g i t ) .  
T J P S  poss ib le  t o  use as many a s  4000 equal ly  spaced in t e rva l s ,  
2nd i n  a few d i f f i c u l t  cases  i t  proved necessary t o  go t o  
t h i s  number i n  order  t o  achieve r e l i a b l e  r e s u l t s .  
It 
Some of the  r e s u l t s  obtained w i t h  t h i s  procedure a r e  
reproduced i n  Figure 9, f o r  R = 100 and various values of 
6 i n  the  range .55 s 6 5 .74. Time in tegra t ions  for a l l  
.:ases of t h i s  f igure  are shown i n  14s. Figure 9a shows the 
s i n z l e  symmetric so lu t ion  a t  6 = .55, j u s t  before the bifur-  
ca t ion  point .  At the  s l igh t ly  l a r g e r  value 6 = .60 (Figure 
Ob) the asymmetric so lu t ion  has appeared and it  i s  the stable 
one. Both t h i s  asymmetric solut ion and the  symmetric one of 
Ftgure 9a agree with those found by time in t eg ra t ion  i n  MS. 
A s  6 grows the asymmetry becomes more pronounced as seen i n  
Figure gc, which is t he  solut ion a t  6 = .61, j u s t  i n t o  the 
range where the  asymmetric solut ion h n s  a l s o  become unstable  
and ape r iod ic i ty  appears i n  the t i m e  in tegra t ions .  Continuing 
through the  unstable range (Figures gd and ge), i t  may be 
noted t h a t  as i n  the  asymptotic theory the f l a t  I t  wings" 
i n  the  symmetric so lu t ion  become more pronounced, while the 
asymmetric so lu t ion  gradual ly  turns  i n t o  a sharp peak f o l -  
lowed by a long " s t i l l s t a n d " .  The per iod of t h e  l a t t e r  solu- 
t i o n  increases  rapidly,  a s  predicted by the asymptotic 
theory. (All the  asymmetric o s c i l l a t i o n s  shown here a r e  
Cor B <O; of course the solut ions f o r  B > O  exis t  as w e l l . )  
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A t  6 = .74 (T = 26) we a r e  near ing the end of the range 
where solut ions e x i s t  according t o  the  asymptotic theory, 
and the  pred ic t ions  of t ha t  theory a r e  becoming l e s s  r e l i a b l e .  
The symmetric so lu t ion  (Figure g f )  i s  s t i l l  very similar t o  
t h a t  of the  asymptotic theory (8 2b) .  
ob ta in  the asymmetric so lu t ion  f o r  6 > -71; a s  t he  strongly- 
peaked character  of t h i s  so lu t ion  apparent i n  Figure 9e 
We were not ab le  t o  
becomes s t i l l  more pronounced, the  f i r s t  and second de r i -  
va t ives  of the so lu t ion  funct ion become very l a r g e  and the 
numerical computations come t o  be dominated by the  round- 
of f  error .  Thus we cannot be sure  tha t  the  asymmetric solu- 
t i o n  s t i l l  e x i s t s  a t  6 = .74 f o r  R = 100. There has a l s o  
appeared a new type of per iodic  solut ion,  the dmble-peaked 
o s c i l l a t i o n  shown a t  the  bottom i n  Figure gf. This seems 
t o  be an extreme case of the  squegging behavior seen i n  
MS a t  s t i l l  lower values of T. We d i d  not  succeed i n  f ind ing  
o the r  periodic so lu t ions  a t  6 = -74, such as a 3-peaked os- 
c i l l a t i o n  or the  asymmetric 2-peaked so lu t ion  found a t  
T = 25 (see the  lowest curve i n  Figure 3 of MS), but i t  i s  
qu i t e  possible  that  they e x i s t .  I n  any case i t  appears t ha t  
t he re  a re  no s t a b l e  per iodic  so lu t ions  a t  6 = .74, as shown 
by the  extensive time in t eg ra t ions  previously reported (see 
Figure 4 of MS). 
We succeeded i n  f ind ing  single-peaked symmetric os- 
c i l l a t i o n s  up t o  6 = -748. 
peaked periodic so lu t ions  were ever found, i n  good agreement 
For larger values of 6 no s ingle-  
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w i t h  our expectat ions on the  bas i s  of the  asymptotic theory. 
The single-peaked symmetric solut ion a t  6 = .748 and R = 100 
i s  shown i n  Figure 6, contrasted w i t h  that  ca lcu la ted  from 
the asymptotic theory. The solut ion a t  R = 100 has a period 
about 5% grea te r  than t h a t  of the corresponding asymptotic 
so lu t ion  and i t s  shape i s  a l s o  somewhat d i f f e ren t .  The 
maximum occurs l e s s  than one-quarter per iod a f t e r  the zero 
and there  i s  a tendency toward a " s t i l l s t a n d "  on the f e l l i n g  
p a r t  of the curve. 
i s  discussed i n  more d e t a i l  below (8 3c.)  
The nature  of the  so lu t ions  a t  6 = .748 
The per iods of the  symmetric and asymmetric so lu t ions  
a t  R = 100 a re  cmpared i n  Figure 5 w i t h  those computed from 
the asymptotic theory. A study of t h i s  f igu re  reveals  the 
following points .  The period of the  symmetric so lu t ion  agrees 
very wel l  w i t h  t h a t  predicted throughout the e n t i r e  range, 
d i f f e r i n g  s l i g h t l y  only when 6 becomes very close t o  .75, 
as noted i n  the preceding paragraph. 
t i o n  occurs a t  a very s l i g h t l y  l a r g e r  value of 6 ( 6  w.566 
The point  of bifurca-  
as compared with 6 .56l i n  the  asymptotic theory) .  J u s t  
above the b i f u r c a t i m  the period of the asymmetric so lu t ion  
a t  R = 100 i s  s l i g h t l y  lower than the asymptotic value, 
but  i t  has become l a r g e r  by the time 6 = .625 ( the  numerical 
asymptotic ca lcu la t ions  were not ca r r i ed  beyond th i s  po in t ) .  
I n  Figure 5 the per iod PASM given by the approximate formula 
(2.36) i s  a l s o  shown. The periods a t  R = 100 a r e  cons is ten t ly  
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higher  than PAsM. 
of the asymmetric so lu t ion  a t  R = 100 may be c lose ly  ap- 
proximated by the  empirical  formula 1/P = .495(.738 - 6) 
a s  compared with (2.36) which gives  1/P 
A t  6 = .71, the  highest  value for which we were ab le  t o  
compute t h e  asymmetric solution, the  per iod appears t o  be 
increasing even more rapidly,  poss ib ly  ind ica t ing  tha t  the  
asymmetric so lu t ion  disappears a t  a value of 6 somewhat 
below .75. However the  so lu t ion  a t  6 = .7l was obtained 
I n  the  range -62  s 6 s .TO, the  per iod 
= .468(.750 - 6). ASM 
only w i t h  some d i f f i c u l t y  and the  computed per iod may not  
be r e l i ab le .  
The double-peaked so lu t ion  on the  right i n  Figure 9f 
was found i n  the  range .73 < 6 < .75 . The periods of t h i s  
solut ion a r e  a l s o  ind ica ted  i n  Figure 5. 
In addi t ion  t o  the  periods, the  q u a n t i t i e s  E* and B* 
were evaluated for t he  per iodic  so lu t ions  a t  R = 100, allowing 
a comparison with the  r curves of t he  asymptotic so lu t ion  
shown i n  Figure 7. For the  symmetric so lu t ions  the dependence 
of E* on 6 given by Equation (2.25) was very c lose ly  repro- 
duced by the so lu t ions  a t  R = 100. Furthermore the  segment 
QP or" the r curve for the  asymmetric branch agrees very wel l  
with tha t  found e t  R = 100. 
we do not  have numerical computations of the  asymptotic 
so lu t ion  along PO; the  por t ion  of t h i s  segment near 0, where 
(For reasons ind ica ted  i n  9 2d 
the  approximate ana ly t i c  treatment of Appendix A i s  applicable,  
is not access ib le  t o  our per iodic  numerical computations, as 
discussed e a r l i e r  i n  t h i s  sect ion.)  
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There i s  ye t  another point  a t  which the  numerical 
ca l cu la t ions  can be compared w i t h  the  theory; namely, we 
can inves t iga t e  nuner ica l ly  t h e  s t a b i l i t y  of the  per iodic  
so lu t ions  t h a t  have been found. This i s  accomplished by 
the  app l i ca t ion  of Floquet theory (STOKER 1950, p. 193 f f . )  
The problem inves t iga ted  i n  t h i s  theory i s  whether, 
a per iodic  so lu t ion  of a non-linear equation having been 
found, a small per turba t ion  of t h i s  so lu t ion  w i l l  remain 
bounded. Assume t h a t  we have found a per todic  so lu t ion  
of the  system (3.1) with period A.  Consider L- 5; [si 1 
now a vector  d i f f e r i n g  only s l i g h t l y  from the above solut ion:  
2 
t h a t  upon neglect ing terms of order wi and higher, the 
VI must s a t i s f y  a s e t  of 3 l i n e a r  equations 
i 
- d W i  = f (x) w j  (x) i, j = 1,2,3 dx i j  (3.4) 
with per iodic  coe f f i c i en t s :  f (x  + A )  = f (x) .  i J  i j  
It i s  possible  t o  f i n d  a normal fundamental s e t  of -
n so lu t ions  w 
l i n e a r  system can be expressed a s  l i n e a r  combinations of the  
(x) of (3.4), and a l l  poss ib le  so lu t ions  of t h i s  j 
I$ (x). The so lu t ion  y9 of (3.1) i s  said t o  be s t a b l e  i f  E;] 
a l l  so lu t ions  w (x) of (3.4) remain bounded as x -. which 
j 
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n w i l l  be t r u e  i f  and only i f  a l l  the  normal so lu t ions  w j  a r e  
bounded . 
' Now i t  i s  shown i n  Floquet theory tha t  a l l  the  normal 
solut ions (x) can be expressed i n  the  form 
n C I . X  n wi (x) = e 1 vi ( x )  
where the cpy ( x )  a r e  per iodic  funct ions of x w i t h  period A 
L 
and ai i s  given 
The ( i n  general  
mu l t ip l i e r s  and 
A.  This matrix 
N 
complex) q u a n t i t i e s  ai a r e  the  Floquet 
a r e  the  eigenvalues of the  Floquet matr ix  
i s  e a s i l y  evaluated f o r  any given per iodic  
solution; indeed i t  i s  c lose ly  r e l a t e d  t o  c e r t a i n  matr ices  
which occur n a t u r a l l y  i n  our i t e r a t i o n  scheme t o  f i n d  the  
per iodic  so lu t ion  and, once the  scheme has converged, the  
matrix A i s  ava i l ab le  with l i t t l e  f u r t h e r  computation. The 
way i n  which A i s  obtained i s  discussed i n  d e t a i l  i n  
.y 
Appendix B. 
It i s  now c l e a r  tha t  the so lu t ion  [ ;i i s  s t a b l e  
y3 
only i f  the  r e a l  p a r t s  of a l l  the  a a r e  non-positive, f o r  
i n  tha t  case a l l  so lu t ions  of (3.4) w i l l  be bounded. 
i 
Hence, 
we m u s t  evaluate  the  eigenvalues ai of 5, and w e  sha l l  expect 
the corresponding per iodic  so lu t ion  t o  be s t a b l e  only i f  
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!oil s 1 f o r  a l l  5 . 
eigenvalues must always be equal t o  unity,  i t  i s  the o ther  
two which must be determined. I n  prac t ice ,  w e  solve nwneric3lly 
the  cubic c h a r a c t e r i s t i c  equation I ( A  - 0&11 = 0, and ve r i fy  
t h a t  one of the roo t s  i s  always equal t o  un i ty  a s  a crude 
check on our procedure. 
Since i t  can be shown tha t  one of the i -
CI 
I n  Figure 10 the quant i ty  a = A-1 I n  I amax 1, where 
i s  the Floquet mul t ip l i e r  having the  l a r g e s t  absolute  ‘max 
value, i s  p lo t t ed  as a funct ion of 6 Tor the  symmetric and 
asymmetric so lu t ions  a t  R = 100. It i s  seen t h a t  the 
symmetric so lu t ion  i s  s t ab le  (a < 0) f o r  values of 6 below 
the  po in t  of bifurcat ion.  For 6 2 .556, the  symmetric 
so lu t ion  i s  uns tab le  and t h e  asymmetric so lu t ion  i s  now the  
s t a b l e  one. This so lu t ion  remains s t a b l e  up t o  6 .606, 
a f t e r  which i t  too becomes unstable.  This i s  i n  exce l len t  
agreement with the r e s u l t s  of t h e  t.ime in t eg ra t ions  a t  R = 100 
and a l s o  agrees s a t i s f a c t o r i l y  w i t h  the  p red ic t ions  of the 
asymptotic theory. 
I n  p a r t  of the s t ab le  range of the asymmetric solut ion,  
.589 6 .604, the  Floquet mul t ip l i e r s  a r e  complex, and i n  
t h i s  region a i s  always equal t o  -0.5. 
by the  dashed p a r t  of the  curve in  Figure 10. 
sponding t o  the asymmetric solut ion i n  Figure 10 extends only 
t o  6 .64, although the so lu t ion  was followed t o  6 = .71. 
This region i s  ind ica ted  
The curve corre- 
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This is because the Floquet matrix becomes very ill-conditioned 
at the larger values of 6, and its eigenvalues can no longer 
be reliably determlned numerically, even though the solution 
r'ound fulfils the difference equations to a sufficient 
degree of precision. 
The quantity a for the double-peaked solution (Figure gf) 
whose period is plotted in Figure 5 is also shown in Figure 10. 
This solution is never stable throughout the range of its 
existence, although it is similar, but not identical, to 
another double-peaked solution which is stable in a small 
range (see B3c). Finally, it will be remarked that the 
symmetric solution again appears to became stable f o r  6 > .745. 
This unexpected behavior is also discussed in the following 
section. 
L ~ 
-4a- 
- 3 ~ .  
It was noted from Figure 10 tha t  the  single-peaked 
Some p rope r t i e s  of the  s n l ~ t i n n  -n,ear 5 = 3,4. 
symmetric so lu t ion  a t  R = 100 becomes stable when 6 2 .7455. 
This w a s  v e r i f i e d  by a time in t eg ra t ion  a t  6 = .748, a por t ion  
of which i s  shown i n  Figure l l a .  However t h i s  i s  not  the  
only s t a b l e  solut ion;  w i t h  d i f f e ren t  i n i t i a l  conditions the  
apparent ly  s t a b l e  double-peaked so lu t ion  of Figure l l b  w a s  
a l s o  found- This i s  the  periodic so lu t ion  found by time 
i n t e g r a t i o n  a t  6 = .750 and reproduced i n  Figure 3 of MS. 
The so lu t ion  curve i s  asymmetric, the  peaks above the  a x i s  
being higher than those below. 
toward a " s t i l l s t a n d "  before crossing the  a x i s  from above, 
but not  from below. 
There i s  also a tendency 
The symmetric double-peaked so lu t ion  of Figure 9f a l s o  
e x i s t s  a t  6 = -748 and i s  shown i n  Figure l l c .  
i s  s l i g h t l y  l e s s  than tha t  of the so lu t ion  i n  Figure l l b ,  
and i t  is ,  according t o  the  Floquet mul t ip l i e r s ,  unstable.  
It was v e r i f i e d  tha t  when a time i n t e g r a t i o n  i s  begun w i t h  
i n i t i a l  condi t ions corresponding t o  the so lu t ion  of Figure l lc ,  
the  o s c i l l a t i o n  starts o f f  looking l i k e  t h i s  so lu t ion  and 
then s e t t l e s  gradual ly  i n t o  the s t a b l e  so lu t ion  of Figure l l b .  
We d i d  no t  succeed i n  f ind ing  the asymmetric double-peaked 
so lu t ion  by the  numerical method of' 8 9rt bscause of the  
proximity of t he  more e a s i l y  found symmetric double-peaked 
so lu t ion .  
Its period 
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APPENDIX A: Approximate S o l u t i o n  n e a r  Q. 
L e t  s o ,  sl, s a ,  s3 be t h e  roots i n  a scend ing  order 
of t h e  q u a r t i c  
s2 + B*s - E* = 0 1 - s 4  - -  
12 2 
These r o o t s  a r e  the p o i n t s  i n  which the energy  cu rve  c u t s  
t h e  s a x i s  and i n  t h e  c r e s c e n t  shaped r e g i o n  QAC of 
F i g u r e  7 ,  t h e y  a r e  a l l  r e a l .  The b ranch  which i n t e r s e c t s  
the s axis  a t  s1 and s2 h a s  s > 0 a t  e v e r y  p o i n t ,  so  
t h a t  i f  w e  a r e  seek ing  s o l u t i o n s  which make s = 0 , w e  must 
t a k e  o u r  ave rages  on the b ranch  which i n t e r s e c t s  the s 
a x i s  a t  so and s 1  . T h u s  
- 
Standard  t r a n s f o r m a t i o n s  show t h a t  
H 
4&a3"s, I I I  - 
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L 
, . 
where 
and 
I. 
The s t a n d a r d  n o t a t i o n  f o r  e l l i p t i c  f u n c t i o n s  and i n t e g r a l s  
i s  u s e d  throughout .  
When E* and B* a r e  s m a l l  w e  can  s o l v e  ( A . 1 )  approxi -  
mate ly  t o  f i n d  
S1 
s2 
s3 
- g + B *  
= G + B *  
T h e  roots s1 and s2 co inc ide  when B*2 = 2E* , so t h i s  
i s  the  approximate e q u a t i o n  of OA when E* and B* a r e  
smal l .  Our approximation i s  v a l i d  i n  the  r e g i o n  AOB* so 
t h a t  B*2 > 2E* and the r o o t s  a r e  a l l  r e a l .  
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1 W e  can now e a s i l y  f i n d  approximate e x p r e s s i o n s  for 4 
a: and k2 , us ing  ( A . 5 ) .  I n  p a r t i c u l a r  
so t h a t ,  s i n c e  B* and E* a r e  s m a l l  t h e  complementary 
modulus A ' ,  d e f i n e d  by 
i s  smal l .  I n  t h i s  c i rcumstance  the i n t e g r a l  i n  (A.3)  can be 
eva lua ted  approximate ly  (Byrd and Friedman 1954, p. 301) and 
w e  f i n d  
1 4 '  +-+ 3 4  -$* log ($7) + ()(a") . 
S u b s t i t u t i o n  of the approximate e x p r e s s i o n s  for  M, and 
g i v e s  e q u a t i o n  ( 2 . 3 3 )  of the t e x t .  The i n t e g r a l s  for  H I t  
and a H h E *  a r e  r a t h e r  e a s i e r  t o  e s t i m a t e  and w e  w i l l  n o t  
g i v e  the d e t a i l s  of the a l g e b r a  l e a d i n g  t o  ( 2 . 3 6 ) .  
54 
--- 
Appendix B. A numerical method t o  obtain per iodic  so lu t ions  
of nonl inear  ordinary d i f f e r e n t i a l  equations. 
I n  t h i s  Appendix we describe i n  d e t a i l  the  numerical 
procedure used t o  obta in  the  per iodic  so lu t ions  discussed 
i n  6 3 .  The method i s  based on one which i s  widely used i n  
s t e l l a r  s t r u c t u r e  ca l cu la t ions  (L. G. Henyey, J. E. Forbes, 
and N. L. Gould, Astrophys. J. 139, 306 L-19641) and has been 
put  i n t o  the  form described here w i t h  the  help of D r .  L. B. Lucy. 
- 
Consider the N t h  order  system 
We a r e  seeking per iodic  
e .  
l ,$ = 1, 2,  - - - - - - /  N ,  
solut ions of t h i s  system, namely a 
s e t  of funct ions y ( t )  having the property 
i 
f o r  some real A and a l l  t. A s  i t  i s  inconvenient i n  numerLca1 
work t o  have a var iab le  i n t e r v a l  f o r  the  independent var iable ,  
we change t o  a new independent var iab le  x = t / A  and then 
confine our a t t e n t i o n  t o  a s ingle  period: 0 s x 5 1. Our 
system i s  now 
and the required property (B.2)  i s  expressed as a s e t  of 
boundary conditions: 
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i 4, 2, - - - -  J 
The problem now has the charac te r  of a two-point boundary 
problem, w i t h  the  period h a s  an eigenvalue. The condi- 
t i ons  (B.4) ,  however, do not  su f f i ce  t o  determine a so lu t ion  
of (B.3), s ince the phase i s  not  f ixed;  i .e. ,  any so lu t ion  
can be a r b i t r a r i l y  t r ans l a t ed  i n  x and remains a solut ion.  
Thus we need some (qu i t e  a r b i t r a r y )  condi t ion t o  def ine the 
phase of one p a r t i c u l a r  yi. Normally we take 
y i p )  = c - C O h S t .  
It i s  important only t h a t  the value of the constant  l i e  
within the (normally bounded) range assumed by yl. 
In  order  t o  construct  difference equations, we divide 
the range [O, 13 i n t o  M In te rva ls ,  not  necessar i ly  of equal 
1' 
length.  Thirs there w i l l  be M + 1 mesh points ,  labeled x 
with x = 0 and Y = 1. The i n t e r v a l  54, %+1' 1 %+1 x2, . . .. . 
between t w o  mesh poin ts  i s  then A S  = %+1 - s. 
o€ the  yi, e tc .  a t  x = x m 
thus:  yi(xm) = e. Using a simple f i r s t - o r d e r  difference 
scheme, the equations (B.3) between points  m and m t l  become 
Vrilues 
w i l l  be denoted by a superscr ipt ,  
1 
and conditions (B.4) and (B.5)  become 
’ -- 
I y i  = yM+’ (B. 7)  
and 
y: = G 
respect ively.  
Our approach w i l l  be t o  f i n d  a method of repeatedly 
co r rec t ing  a given s e t  of t r i a l  functions u n t i l  vie obtain 
a set  which s a t i s f i e s  the equation. 
assume a s e t  of trial functions yi (x)  having values yi -m a t  
t he  mesh poin ts  and c? t r i a l  eigenvalue x (obtained e i t h e r  
from an i n i t i a l  guess o r  -From t h e  p r e v i m s  i t e r a t i o n ) .  
9; do not s a t i s f y  ’che equations (B.6),  b u t  we now seek an 
To this end, l e t  us 
The 
improved set  
Then, with the notat ions 
- m  fy = 3; + &; oyt? 
(summation on repeated lower -indices, not  on repeated upper 
ind ices) .  The dif2erence equations (B.6)  a r e  now l inea r i zed  
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by inserting the above expansions and neglecting terms of 
2 2 
order  byi and 6h . The result, ai'ter some rearrangement, is 
and the conditions (B.7) and (B.8)  become 
Between any two mesh points, then, we nust compute the 
N x N matrices 
and the 1 x N column vectors B. 11) 
With these definitions, (B. 9 )  becanes 
viz., -1 m Defining now the  inverse a ij of EliJ > 
(B.12) 
and the  q u a n t i t i e s  . 
one obta ins  
(B.15) 
We now seek a s imi l a r  r e l a t ion  between the  cor rec t ions  
a t  any given point  and those a t  the  Pirst boundary point,  
thus: 
gyt?+'=p'; "; t y?sr 1 + &?* 
m m m 
i The Is i j  , yi , and c can be found because, c l ea r ly ,  
(3.16) 
(B. 17) 
znd, combining (B.15) and (B.16)  we obtain a s e t  OY recurrence 
r e  l a  t i ons : 
(B.18) 
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Beginning w i t h  (B.17) and applying (B.18) repeatedly,  vie 
f i n a l l y  a r r ive  a t  a r e l a t i o n  between the  cor rec t ions  a t  
the two ends of the i n t e r v a l  [O,l]: 
These cons t i t u t e  N l i n e a r  equations r e l a t i n g  the 2 N  4- 1 
M+1 1 quan t i t i e s  6y, 
r e l a t ions  (B.10) and upon el iminat ing the  69'l i from (B.19) 
, Gyi, 6A. I n  addi t ion,  we have the  N + 1 L 
with the f i r s t  02 (Bolo), we have N i- 1 equations i n  N -k 1 
unknowns, which w e  then solve Tor the  6y1 i and 6h. 
(B.15) successively a t  each mesh point ,  we then obta in  a l l  
Applying 
the correct ions 6e a t  each point .  
t o  the  
The correct ions a r e  added 
and % and the whole procedure i s  repeated. 
1 
It may be mentioned t h a t  i n  d i f f i c u l t  cases, and e spec ia l ly  
when the t r i a l  funct ion i s  poor, i t  or ten  proves expedient 
t o  apply not  the f u l l  correct ion,  but only a c e r t a i n  f rac t ion ,  
v , of it .  Thus the new funct ions would be 
0 4 3 4  . 
After  a number of i t e r a t i o n s  v may be increased, and when 
the  
(B.9) i s  qu i t e  good, the  convergence i s  speeded by s e t t i n g  
I t  solut ion" becomes so good that the  l i n e a r  approximation 
v = 1. I n  the present  ca lcu la t ions  i t  w a s  found that,  when 
convergence was obtained, the  l a r g e s t  r e l a t i v e  cor rec t ion  
60 
as a t y p i c a l  value. 
When the procedure has converged, Che yi(x) are per-iod5.c 
funct ions s a t i s f y i n g  (B.6). 
once more, the 6y. a re  j u s t  the w, (x) of khe Floquet theory 
(c f .  Eq. 3.4), and the Floquet matrix N A i s  evident ly  j u s t  
If  now we repeat  the process 
I I 
the matr ix  already ca lcu la ted  for use i n  Eq. (B.19). 
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Figure 1. The aper iodic i ty  s t r i p .  
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Figure 2. 
the  irregular modulation. 
Time integration at R = 1000 and T = 350 showing 
- ~ 
Figure 3. 
are more oscillations in each cycle of the irregular modulation 
than in Figure 2. 
Time integration a t  R = 10,000 and T = 3500. There 
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Figure 5. The periods of the symmetric, asymmetric and two- 
peaked (symmetric) solutions. The period is in dynamical units 
of time. 
method of averaging; the dashed curves give periods at R = 100 
from the numerical relaxation solutions. The values of P 
f m m  the asymptotic theory valid as 6 - 3/4- are shown fogSM 
comparison. 
The solid curves give  the periods calculated by the 
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Figure 8a. Time in t eg ra t ion  of (2.8) f o r  6 = 0.6.  
point  i s  s t a b l e  and the  solut ion i s  s p i r a l l i n g  in .  
The singular 
I .o 
0 0.25 0.5 
Figure 8b. 
singular point is an unstable spiral and the solution enters 
a limit cycle. 
leading to the sudden jump in amplitude of the periodic solution. 
Time integration of (2.8) for 6 = 0.625. The 
The limit cycle crosses OA from left to right 
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Figure 10. The quantity a = A'' In IaMAXI, where umx is 
the Floquet multiplier of greatest modulus, for the symmetric, 
asymmetric and 2-peaked (symmetric) periodic solutions at 
R = 100. Negative values of a mean that the corresponding 
periodic solution is stable; positive values, unstable. The 
dashed portion of the curve for the asymmetric solution shows 
the range in which the Floquet multipliers are complex. 
+2 
0 
0 
-2 
t2 
b 
0 
-2 
t 2  
C 
0 
-2 
1 
0 5.0 10.0 
T- 
Figure 11. 
6 = .748. 
double-peaked solution (b) are stable. The symmetric double- 
peaked solution (c) is unstable. The time axis is labeled 
in dynamical units. 
Several periodic solutions found at R = 100, 
The single-peaked solution (a) and the asymmetric 
